Abstract. In this paper, we consider weighted inequalities for linear and multilinear fractional integrals with homogeneous kernels on Morrey spaces. Recently, weighted inequalities without homogeneous kernels were proved by the authors. In this paper, we generalize ones with homogeneous kernels.
INTRODUCTION
The purpose of this paper is to unify some inequalities on multi-Morrey spaces for linear and multilinear fractional operators with homogeneous kernels. For simplification, we assume that all the functions are non-negative. We first recall some standard notations. All cubes in R n are supposed by the definition to have their sides parallel to the coordinate axes. For a cube Q ⊂ R n , we use l(Q) to denote the side-length of Q and cQ to denote the cube with the same center as Q but with side-length cl(Q). Let |E| denote the Lebesgue measure of E. The integral average of a measurable function u over E is written
For 1 ≤ p < ∞, p is the conjugate index namely, 
There is a remarkable result on the Morrey boundedness of I α . It is due to Adams [1] (see also [2, 4] ):
Theorem A. Let 0 < α < n, 1 < p ≤ p 0 < ∞ and 1 < q ≤ q 0 < ∞. The inequality holds
We introduced the multi-Morrey space (in our earlier paper [11] ), which we recall now. 
the triangle inequality fails. Moreover, it may be equal to zero when only one of the components is zero (see [11] ).
Remark 2.
When p = p 0 , we have
Hence, the results will cover ones in Lebesgue spaces.
Moreover we shall define linear and multilinear fractional operators with kernels.
Definition 2.
Let f be a locally integrable function on R n .
(1) Given 0 < α < n and a measurable function Ω on R n \{0}, define
(2) Given 0 ≤ α < n and a measurable function Ω on R n \{0}, define Remark 3. Let 0 < α < n and Ω be a kernel as above. Then,
|I Ω,α (f )(x)| ≤ I |Ω|,α (|f |)(x).
In the actual proof, I |Ω|,α (|f |)(x) will be controlled and as a consequence I Ω,α is proven to be bounded. In view of this pointwise inequality, there is no need to take care of the problem of the absolute convergence of the integral defining I Ω,α (f )(x).
In these frameworks, we investigate some weighted inequalities. The boundedness of I α f on weighted Lebesgue spaces was investigated by Muckenhoupt and Wheeden [17] . The inequalities of I α f on Morrey spaces were discovered by Adams [1] and Olsen [18] . Using the inequality of I α f on Morrey spaces, Olsen investigated the Schrödinger equation. The boundedness of I Ω,α f on weighted Lebesgue spaces was investigated by Ding and Lu (see [5] and also [15] ). In 2010, Chen and Xue [3] extended the Ding and Lu result to as a sort of multilinear version.
On the other hand, Komori and Shirai [13] introduced the weighted Morrey spaces and showed the boundedness of I α f on weighted Morrey spaces. The boundedness is not the Adams type, but the Spanne type (see [19] ). Chiarenza and Frasca [4] showed that the Adams inequality is more precise than the Spanne inequality.
Hence, it is natural to consider the Adams inequality on weighted Morrey spaces. In [12] , we considered weight condition
which is related to the boundedness of the Hardy-Littlewood maximal operator M on weighted Morrey spaces. In [12] , we showed that the Adams inequality and the Olsen type inequality on weighted Morrey spaces for linear and multilinear fractional integral operators. In this paper, we extend the results to linear and multilinear fractional integral operators with homogeneous kernels. The rest of the present paper is organized as follows: In Section 2, we state main results. In Section 3, we list some lemmas to prove main results. In Section 4, we prove main results. In Section 5, we take up an example which does not belong to the product on m Morrey spaces but the multi-Morrey quantity is finite.
MAIN RESULTS

Linear operators
We state a fundamental result which is the Adams inequality with homogeneous kernels. As far as we know, the result is even new. Firstly, let S n−1 := {x ∈ R n : |x| = 1} be the unit sphere.
Proposition 1. Suppose that we are given parameters
, α, s, p, p 0 , q, q 0 satisfying 0 < α < n, 1 < s ≤ ∞, (1 ≤)s < p ≤ p 0 < ∞ and 1 < q ≤ q 0 < ∞. Assume that 1 q 0 = 1 p 0 − α n and0 = p p 0 . Moreover suppose that Ω ∈ L s (S n−1 ) is homogeneous of order 0: For any λ > 0, Ω(λx) = Ω(x). Then we have I Ω,α (f ) M q 0 q ≤ C Ω L s (S n−1 ) f M p 0 p .
Remark 4.
The condition of index s ≥ 1 is related to the integrablity of homogeneous kernels Ω. If the homogeneous kernel Ω satisfies Ω ∈ L ∞ (S n−1 ), then we obtain the condition of indices which is completely corresponding to the condition of the Adams inequality.
Suppose that a quantity of weights [w] q 0 ,q,p is finite:
The following theorem is, so to speak, the Adams inequality on weighted Morrey spaces with homogeneous kernels (see [1, 2] ). Because of the complicated condition of weights, the proof of Theorem 1 is not as simple as that of Proposition 1.
Theorem 1. Suppose that we are given parameters
then we have
Moreover we obtain the following inequality.
Theorem 2. Suppose that we are given parameters
In order to state the Ding and Lu result, we recall the class A p and the class A p,q (cf. [6, 7, 15] ). Firstly, we recall the definition of the class A p . Definition 3. Let 1 < p < ∞. A positive weight function w defined on R n belongs to the class A p (R n ) and is called an A p -weight if
Next, we recall the definition of the class A p,q (R n ).
Definition 4. Let 1 < p < ∞ and 0 < q < ∞. A positive weight function w defined on R n belongs to the class A p,q (R n ) and is called an A p,q -weight if
Remark 5. It is well known that if a weight w satisfies w ∈ A p,q (R n ) if and only if
Similarly, a weight w satisfies
These properties allow us to use the reverse Hölder inequality (see Lemma 3).
When q = q 0 and p = p 0 , Theorems 1 and 2 are reduced to weighted L p -inequalities. Corollary 1. [5, 15] 
Proof of Corollary 1. Under the condition of Corollary 1, we check that, if the weight w satisfies w s ∈ A p s , q s (R n ), then w satisfies the condition (2). In fact, by the reverse Hölder inequality, for every cube Q ⊂ R n we have
Hence for pair of cubes Q ⊂ Q , we have
Therefore by Theorems 1 and 2, we obtain Corollary 1.
Multilinear operators
We pass to the multilinear case. The next theorem is the Adams inequality on weighted Morrey spaces for multilinear fractional operators with homogeneous kernels. Firstly, let S m,n := S n−1 × · · · × S n−1 . Suppose that a quantity of multiple weights [ w] q 0 ,q, P given below is finite: We obtain the following inequality with respect to the multilinear fractional maximal operator.
Theorem 3. Suppose that we are given parameters
Moen [16] introduced the multiple weights class A P ,q (R n ) (see also [14] ):
One says that a vector of weights w is in the multiple weights class
In Theorems 3 and 4, if we take q = q 0 and p = p 0 , we obtain the following corollary which generalizes the result due to Chen and Xue [3] .
.
In fact, for Ω j ∈ L s (S n−1 ) and Ω j (λx) = Ω j (x), if we take
then Corollary 2 corresponds to the result due to Chen and Xue [3] . For the sake of the convenience, we shall state the unweighted version of Theorems 3 and 4, which are new results as well.
Remark 7.
Another proof of Corollary 3 is obtained by the boundedness of I α,m and a standard argument. However, the proof of Theorem 3 is not as simple as the proof of Corollary 3.
We can extend Theorems 3 and 4 to two-weighted versions. Firstly, suppose that a quantity of two-weight type multiple weights [v, w] q 0 ,q, P :
By the same argument as Theorem 3, we obtain the following inequalities.
On the other hand, we have the following inequality.
Moreover, we can generalize Theorems 5 and 6 in order to include the Olsen type inequality. Suppose that another quantity of two-weight type multiple weights
Then we obtain the following inequalities.
Theorem 7 has two corollaries. In Theorem 7, if we take v = g and w = (1, . . ., 1), then we have the Olsen type inequality. For the linear case, we refer to [8, 9, 18, 24, 25, 26, 27, 28, 29] .
Corollary 4. Assume that the conditions of Theorem 7.
The following inequalities are understood as a sort of the Fefferman-Stein inequality (see [15] , Theorem 1.3.2, p. 17).
Corollary 5. Under the conditions of Theorem 7, moreover assume that
where Q runs over all cubes.
For the sake of convenience, we prove Corollary 5.
Proof of Corollary 5.
Write
In Theorem 7, we take v = v 1 · · · v m and w i = W i . Since 0 < q ≤ q 0 < ∞ and a > 1, by Hölder's inequality, we have
On the other hand, by definition of W i , for all y i ∈ Q,
This implies that, for all y i ∈ Q,
Hence we obtain
Therefore we conclude
By Theorem 7, we obtain the desired inequality.
A similar argument yields two corollaries of Theorem 8.
Corollary 6.
Assume that the conditions of Theorem 8. For g ∈ M r 0 q (R n ), we have the following inequality:
Corollary 7. Under the conditions of Theorem 8, moreover assume that
and
SOME LEMMAS
Fractional integral operators
where
Proof. Since
we have
where · is the floor function. Note that the series can be calculated explicitly; we obtain
Since
Hence we have
Therefore we obtain Lemma 1.
Chiarenza and Frasca [4] proved the following inequality:
We recall the reverse Hölder inequality (see [6, 7, 15] ):
then there exists constants C and ε > 0, depending only on p and the A p constant of w, such that for every cube Q,
In [10] , the author completely characterized the multiple weights class A P ,q (R n ) in terms of A p -weights (see also [3] ): w 1 , w 2 , . . . , w m ) of weights satisfies w ∈ A P ,q (R n ) if and only if
m).
Lemma 4 gives us that if
have the property of the reverse Hölder inequality. We need the following Lemma 5 in order to prove Theorems 3, 5 and 7.
Lemma 5. [12] .
pm . Then we have the following inequality:
and Q runs over all cubes.
Next, we define a maximal function as follows:
where Q runs over all cubes and
We derive the following pointwise inequalities by Hölder's inequality and the corresponding conditions of weights. We take advantage of the following Lemma 6 in order to show Theorem 5. 
We take advantage of the following Lemma 7 in order to show Theorem 7.
Lemma 7. Under the condition of Theorem 7, we have the following inequality:
By Hölder's inequality and the corresponding conditions of weights, we obtain Lemmas 6 and 7.
Fractional maximal functions
By Hölder's inequality, we obtain Lemma 8. 
. , x m ). Then we have
In [12] , we have the following inequalities. We use the following inequality in order to prove Theorem 2.
We use the following inequality in order to prove Theorem 4. Lemma 10. [12] .
We use the following inequality in order to prove Theorem 6.
Lastly, we use the following inequality in order to prove Theorem 8.
PROOFS
Proof of Proposition 1
Firstly, we give the proof of Proposition 1.
Proof of Proposition 1. By Lemma 1, we obtain
Theorem A yields
By Lemma 2, we obtain
Therefore we obtain Proposition 1.
However, the proofs of the other theorems are not as simple as Proposition 1. Since the proofs of that of Theorems 5 and 7 are similar to Theorem 3, we omit their details. Moreover since the proofs of Theorems 2, 4 and 6 are the same argument as that of Theorem 8, we concentrate on Theorem 8.
Therefore, we prove Theorems 1, 3 and 8. The proofs method are straight.
Proofs of main theorems for linear operators
We will prove Theorem 1.
Proof of Theorem 1. For every cube
By Hölder's inequality, we obtain
By the homogeneity of Ω,
Hence, for x ∈ Q 0 , we obtain
Therefore, we can estimate I Ω,α f ∞ (x);
By Hölder's inequality, we have
By virtue of the definition of the Morrey norm · M p 0 p
, we have
By virtue of the condition (2) and a > 1, we obtain
Next, we estimate I Ω,α f 0 (x). For x ∈ Q 0 , we have the following inequality:
where D(Q 0 ) is the collection of all dyadic subcubes of Q 0 and
That is, D(Q 0 ) denotes the set of all those cubes obtained by dividing Q 0 into 2 n congruent cubes of half its length, dividing each of those into 2 n congruent cubes. By convention, Q 0 itself belongs to D(Q 0 ). In fact, for x ∈ Q 0 ,
A geometric observation shows
Considering the maximal cubes with respect to inclusion, we can write
By the maximality of Q k,j , we obtain the following:
On the other hand, let
Moreover if we take sufficently large A * , then we have
In [12, 24, 25, 26, 27, 29] , the above relationships (6) are shown. For the sake of self-containedness, we shall check (6) . Firstly, fix a cube
By the weak-boundedness of M on L 1 (R n ) and (5), the above inclusion implies that
A similar argument yields
Moreover let
By duality, we have (8) and
By (7), (8) and (9), we have
Next, since I is controlled in a manner similar to II k,j , we estimate II k,j .
By virtue of (6) we have
where we recall
Similarly, we obtain
Hence from (??) and (11) we have
By Hölder's inequality and the Hardy-Littlewood maximal theorem about the L (aq) -boundedness of the maximal operator, we have
where we used g L q (Q 0 ) = 1 and supp(g) ⊂ Q 0 for the equality of the last line. Therefore, we obtain the inequality:
. By Lemma 3 and the condition (2), we can obtain the pointwise inequality;
By a standard argument, we estimate B l , where l = (l 1 , . . ., l m ). For x ∈ Q 0 , we have
Hence we have the following:
By considering the multi-Morrey quantity, we obtain
By the condition (3) and a > 1, we obtain
Therefore we obtain the desired inequality for B l . Next, we shall estimate A: For x ∈ Q 0 , we have
By the homogeneity,
where for the last equality we have used
This implies that
Moreover, by maximality of Q k,i , we obtain the following inequality;
. Then E 0 and E k,i are disjoint. Moreover E 0 and k,i E k,i recover Q 0 and we have the following inequality:
In [12, 24, 25, 26, 27, 29] , the above relationships (13) are shown. For the sake of self-containedness, we shall check (13) .
Next, let
We pay attention to the following relationship:
Moreover, by (12) and (14) we have
By the weak-boundedness of M on L 1 (R n ) and (16), we obtain
Therefore we obtain (13) . Let
Then these recover D(Q 0 ):
We distinguish two cases:
By duality, we have
By (17) , (18) and (19) we have
Next, we estimate II k,i . By (12) and Hölder's inequality, we have . By virtue of (13) we obtain We estimate II k,i . By (12) and Hölder's inequality, we have
By virtue of (13) 
